Abstract. In this article, we investigate the condition for the hearts of twin cotorsion pairs to be equivalent, compatibly with the associated functors. This is related to the vanishing of components of pairs through the associated functors.
Introduction
A cotorsion pair (U, V), essentially equal to the notion of a torsion pair ( [IY] ) on a triangulated category C, is a unifying notion of t-structure ( [BBD] ) and cluster tilting subcategory ( [KR] , [KZ] ). Generalizing the case of t-structures and cluster tilting subcategories, an abelian category H/W and a cohomological functor H : C → H/W have been associated to any cotorsion pair ([N1] , [AN] ). We call H/W the heart of (U, V).
In a work by Buan and Marsh ([BM] ), a generalization of ( [KZ] ) has been given. From a rigid object in a triangulated category with some conditions, an integral preabelian category is constructed as an ideal quotient there. This can be regarded as a heart of a pair of cotorsion pairs as in [N2] . We call a pair of cotorsion pairs P = ((S, T ), (U, V)) a twin cotorsion pair if it satisfies Ext 1 (S, V) = 0 ( [N2] ). In fact in the same manner as for the single cotorsion pair, a preabelian category H/W called heart and an additive functor H : C → H/W are associated to any twin cotorsion pair.
Recently, Marsh and Palu ([MP] ) have established an equivalence of ideal quotients associated to rigid objects related by a mutation. In this article, to interpret
The author wishes to thank Professor Yann Palu for his interest and comments. This work is supported by JSPS Grant-in-Aid for Young Scientists (B) 25800022, JSPS Grantin-Aid for Scientific Research (C) 24540085. this as an equivalence of hearts, we investigate a condition for the hearts to be equivalent. Equivalences which we consider are the natural ones, namely, those compatible with associated functors as follows.
Definition (Definition 3.2) . Let C and C ′ be triangulated categories. Let P = ((S, T ), (U, V)) and P ′ = ((S ′ , T ′ ), (U ′ , V ′ )) be twin cotorsion pairs on C and C ′ , respectively. Let F : C ≃ −→ C ′ be a triangle equivalence. P is said to be heartequivalent to P ′ along F if there exists an equivalence of categories E : H/W ≃ −→ H ′ /W ′ which makes the following diagram commutative up to a natural isomorphism.
With this terminology, the problem we consider in this article is stated as follows.
Problem (Problem 3.4) . Let C, C ′ , P, P ′ and F be as above. Under which condition, does the following (I) and (II) become equivalent? (I) P is heart-equivalent to P ′ along F . (II) The following conditions are satisfied.
(
It can be easily confirmed that (I) always implies (II). Thus our goal is to find a condition, with which (II) implies (I).
In section 2, we review the definitions and results used in this article, mainly from [N2] . In section 3, we reduce the problem to a manageable, equivalent one. In section 4 we introduce what happens in the case of single cotorsion pairs. Following the argument by Zhou and Zhu ([ZZ] ), conditions (I) and (II) are shown to be equivalent in this case. In section 5, for general twin cotorsion pairs, we give a sufficient condition for (II) to imply (I). In section 6, we demonstrate how this condition can be applied to the equivalence given in [MP] .
We also would like to remark that hearts of twin cotorsion pairs on exact categories and their equivalences have been studied by Liu in [L1] and [L2] .
For any category K, we write abbreviately X ∈ K, to indicate X is an object of K. For any X, Y ∈ K, let K(X, Y ) denote the set of morphisms from X to Y . If K is additive, then for a subcategory M ⊆ K, we define its right perpendicular category M ⊥ to be the full subcategory of K consisting of those X ∈ K satisfying K(M, X) = 0. Dually, ⊥ M denotes the full subcategory of those X satisfying K(X, M) = 0. If I ⊆ K is a full additive subcategory, then K/I is defined to be the ideal quotient of K by I. Namely, K/I is an additive category defined as follows.
-Objects in K/I are the same as those in K.
-For any X, Y ∈ K, the morphism set is defined by
Review of Definitions and results
Throughout this article, C denotes a triangulated category.
Definition 2.1. Let U, V ⊆ C be a full subcategories closed under isomorphisms, finite direct sums and summands. The pair (U, V) is a cotorsion pair on C if it satisfies the following.
Here, U * V[1] denotes the full subcategory of C consisting of those C ∈ C admitting a distinguished triangle
Definition 2.2. Let (S, T ), (U, V) be two cotorsion pairs on C. The pair P = ((S, T ), (U, V)) is a twin cotorsion pair on C if it satisfies Ext 1 (S, V) = 0. Note that this condition is equivalent to S ⊆ U, and also to V ⊆ T .
We call the ideal quotient H/W the heart of P. Remark that there are inclusions of full subcategories
Remark 2.4. U ⊆ C − and T ⊆ C + holds.
Proof. These are confirmed easily.
Fact 2.6. (Corollary 3.8, 3.9 in [N2] .)
Definition 2.7. Let C ∈ C be any object.
is called a reflection triangle if it satisfies the following.
is called a coreflection triangle if it satisfies the following.
Fact 2.8. (Corollary 3.8 in [N2] .) For any reflection triangle (2.1), there exists a unique morphism ζ ∈ C/W(τ + (C), Z C ) which is compatible with the adjunction C → τ + (C) as follows.
This ζ is an isomorphism in C/W. Dually for coreflection triangles.
Remark 2.9. (Definition 3.4 in [N2] .) For any C ∈ C, a reflection triangle always exists. Indeed, by the condition C = S * T [1] = U * V[1] and the octahedron axiom, we can draw a diagram
+ . Dually for the existence of coreflection triangles.
Reflection triangles are "functorial" in the following sense.
Remark 2.10. Let A, B ∈ C be any object, and let
be reflection triangles. For any morphism f ∈ C(A, B), there exists a morphism of diagrams from (2.3) to (2.4) as
• f is unique by the adjoint property.
Dually for coreflection triangles.
Remark 2.11. (Lemma 3.10, 3.11 in [N2] .) For any C ∈ C, the following holds.
(1) τ
Fact 2.12. (Lemma 2.12, 2.13 in [N2] .)
Claim 2.13. For the compositions of functors
Proof. For any C ∈ C, take a reflection triangle (2.1) and a coreflection triangle (2.2). Then it can be easily shown that we have the following commutative diagram.
by the octahedron axiom, we obtain a diagram
in which every 3-term sequence is a distinguished triangle. By Fact 2.12,
Thus we have Q ∈ H, and
are reflection and coreflection triangles, respectively. This implies τ
Corollary 2.14.
Definition 2.15. Define functors h and H to be the compositions
Also, let ι be the inclusion functor
We have a natural isomorphism h
Remark 2.16. For any C ∈ C, the following are equivalent.
Proof. This follows from Remark 2.11.
be any distinguished triangle satisfying U ∈ U and T ∈ T . If we decompose T into a distinguished triangle
then by the octahedron axiom, we obtain a diagram
Remark that a cotorsion pair (U, V) on C always can be regarded as a twin cotorsion pair ((U, V), (U, V)). This is regarded as a degenerated case of a twin cotorsion pair, as follows.
Definition 2.18. A twin cotorsion pair P = ((S, T ), (U, V)) is said to be degenerated to a single cotorsion pair if it satisfies S = U and T = V.
In this case, its heart H/W becomes an abelian category ([N1]), and the functor H : C → H/W becomes cohomological ( [AN] ).
Problem setting
Let C ′ be another triangulated category, and let
Notation 3.1. We denote the associated categories as
and functors as
Definition 3.2. Let C, C ′ and P, P ′ be as above, and let F : C ≃ −→ C ′ be a triangle equivalence. P is said to be heart-equivalent to P ′ along F if there exists an equivalence of categories E : H/W ≃ −→ H ′ /W ′ which makes the following diagram commutative up to a natural isomorphism.
Remark that this notion of a heart-equivalence is an equivalence relation, in an obvious sense.
Proposition 3.3. Let C, C ′ , P, P ′ and F be as above. Then the following (I) implies (II).
(I) P is heart-equivalent to P ′ along F . (II) The following conditions are satisfied.
Proof. This immediately follows from H(U) = H(T ) = 0 and
The following is our problem in this article.
Problem 3.4. Conversely, does (I) follow from (II) with some extra conditions?
We are going to reduce this problem to a more manageable one (Problem 3.8). First, remark that this is reduced to the case F = Id.
′ be a triangle equivalence, and let P = ((S, T ), (U, V)) be a twin cotorsion pair on C. If we put F (P) = ((F (S), F (T )), (F (U), F (V))), then the following holds.
(1) F (P) is a twin cotorsion pair on C ′ . (2) P is heart-equivalent to F (P) along F . Thus, replacing P by F (P), we may assume C = C ′ and F = Id C from first.
Proof. This is trivial.
From this we may assume F = Id C , and P ′ is a twin cotorsion pair on C. We will keep using Notation 3.1 also in this case. For example, H ′ denotes a functor
Second, note that the candidate for E in (3.1) is unique up to natural transformations.
Claim 3.6. Let P = ((S, T ), (U, V)) and
) be twin cotorsion pairs on C. Assume that the condition
is satisfied. Then the following holds.
(1) H ′ induces a functor H ′ : C/W → H ′ /W ′ which makes the following diagram commutative up to a natural isomorphism.
commutative up to a natural isomorphism, then there exists a natural isomorphism
where ι : H/W ֒→ C/W is the inclusion.
Proof.
(1) is trivial. (2) follows from the following diagrams.
quot.
Thus, under the conditions H ′ (W) = 0 and H(W ′ ) = 0 (remark that condition (II) in Problem 3.4 implies these conditions), we may restrict our attention to the functors
and it is enough to find a condition which induces
However, (b) follows from (a), as follows.
Claim 3.7. Let P and P ′ be twin cotorsion pairs on C, and assume that H ′ (W) = 0 and H(W ′ ) = 0 are satisfied. Let H ′ : C/W → H ′ /W ′ and H : C/W ′ → H/W be the unique functors induced from H ′ and H respectively, as in Claim 3.6. Put
If E and E ′ satisfy (a), then they also satisfy (b).
Proof. E ′ • E ∼ = Id follows from the commutativity of the following diagram up to natural isomorphisms.
By Claim 3.5, 3.6 and 3.7, Problem 3.4 has been reduced to the following.
Problem 3.8. Let P = ((S, T ), (U, V)) and
) be twin cotorsion pairs on C. Suppose that the condition
′ be the functor induced from H ′ , and put
With some extra condition, does there exist a natural isomorphism
Degenerated case
Consider the case each of P and P ′ is degenerated to a single cotorsion pair. In this case, it requires no extra condition. This is essentially due to [ZZ] (see also [L2] ).
Proof. For each object A ∈ C, choose a reflection triangle (2.3), and a coreflection triangle
By Remark 2.10, for any morphism f ∈ C(A, B), we obtain a morphism of diagrams
′ is cohomological and H ′ (U) = H ′ (T ) = 0 by assumption, we obtain morphisms of exact sequences
Thus if we put
In terms of the original problem (Problem 3.4), we obtain the following.
Corollary 4.2. Let P = (U, V) and P ′ = (U ′ , V ′ ) be cotorsion pairs on C and C ′ , respectively. Let F : C ≃ −→ C ′ be a triangle equivalence. Then, the following are equivalent.
(1) P is heart-equivalent to P ′ along F .
Proof. This immediately follows from Proposition 4.1.
A sufficient condition in general case
We return to the general case of twin cotorsion pairs. Let P = ((S, T ), (U, V)) be a twin cotorsion pair on C. We start with some improvements of the results from [N2] .
The following gives a partial converse to Lemma 5.1 in [N2] .
−→ S be a distinguished triangle with S ∈ S. Then,
Proof. By the adjoint property of τ + , it is enough to show that the sequence
is exact for any Y ∈ C + . Take a coreflection triangle
By the octahedron axiom, we obtain a diagram
in which every 3-term sequence is a distinguished triangle. Then by Fact 2.12,
and thus
becomes a coreflection triangle. Thus we may assume
− , we may also assume τ − (e) = s.
(1) Let X ∈ C be any object, and let x ∈ C(L, X) be any morphism. If x satisfies x • s = 0, then x • s factors through some W ∈ W as follows.
it follows x • s = 0, and thus x factors through h.
(2) Let Y ∈ C + be any object, and let y ∈ C(K B , Y ) be any morphism. Decompose Y into a distinguished triangle
Thus y factors through w Y , which means y = 0. Exactness of (5.1) follows from (1) and (2).
Proof. Take a coreflection triangle
Remark that H(k B ) is isomorphic. Then, we obtain the following commutative diagram.
Remark 5.3. For any object C ∈ C, the following are equivalent.
(1) H(C) = 0 and
Proof. The equivalence (1) ⇔ (2) follows from Remark 2.16. Suppose (3) holds. This implies τ − (C) ∼ = S ∈ U/W, and also C ∈ S * V[1]. Conversely, suppose (2) holds. By τ − (C) ∈ U/W, this C admits a coreflection triangle
, we obtain the following commutative diagram.
This gives the following coreflection triangle, and thus (3) holds.
Proof. By Proposition 5.2, the morphism H(f ) is epimorphic.
Take a coreflection triangle
then by the octahedron axiom, we obtain a commutative diagram
in which every 3-term sequence forms a distinguished triangle.
Applying Proposition 5.1 and its dual to the triangles
we obtain exact sequences
Theorem 5.6. Let P = ((S, T ), (U, V)) and
torsion pairs on C and C ′ . Let F : C ≃ −→ C ′ be a triangle equivalence. If P and P ′ satisfy the conditions
then P is heart-equivalent to P ′ along F .
Proof. This follows immediately from Corollary 5.5.
6. An application
In the rest, we assume the following.
Assumption 6.1.
(1) C is k-linear for some field k, and has a Serre functor S.
(2) D ⊆ C is a functorially finite rigid subcategory, closed under isomorphisms, finite direct sums and summands. Remark that (7) and (8) are automatically satisfied if C is 2-Calabi-Yau. (If we take D = addT , U = addT and U ′ = addT ′ in the notation of [MP] , then we will recover Theorem 2.9 in [MP] .) Proof. We confirm the conditions (A),(B),(C) in Theorem 5.6. Obviously, we have
and thus (A) is satisfied. It remains to show the following.
[Confirmation of ( [Confirmation of (C2)] This requires condition (7). Since
, decompose it into a distinguished triangle
and then, U X into
